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1 Introduction. 

The aim of this article was originally to improve certain results of Dino Lorenzini concerning 
the groups of connected components of special fibres of Neron models of abelian varieties. Let 
D he a strictly henselian discrete valuation ring, K its field of fractions, k its residue field and 
Ak an abelian variety over K with Neron model A over D. Let p > he the characteristic of 
k and let denote the prime-to-p part of the group of connected components $ of Ak. In 
Lorenzini shows the existence of a functorial four step filtration on $(p) and he proves certain 
properties satisfied by this filtration. In particular, he gives bounds for the successive quotients. 
These bounds are of the following type. For a prime / and a finite abelian group G of /-power 
order, say G ^ ®i>iZ/l'''Z with oi > aa > ■ • •, he defines 6'i{G) := /"i - 1 + (/- 1) Ei>2 «i- Then 
he gives bounds for the 6'i of certain successive quotients in terms of the dimensions of the toric 
and abelian variety parts of the special fibres of Neron models of Ax over various extensions 
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of D. In [0, Remark 2.16] he remarks that the bounds might possibly be improved by replacing 
5[ by an other invariant 5i defined as follows: for G as above one has 5i{G) = J2i>i{i"'' ~ !)• This 
improvement is exactly what we do in this article. The results can be found in Needless to 
say, we follow very much the approach of in order to prove these sharper bounds. In fact, 
only Lemma 2.13 of has to be changed, so the proof we give is rather short. We have taken 
this opportunity to weaken slightly the hypotheses of Lorenzini's results (he supposes D to be 
complete and k to be algebraically closed). 

In §^ we recall Lorenzini's filtration. In we state and prove the bounds on the 6i of the 
Z-parts of certain successive quotients and in we show by some examples that the bounds of 
§11 are sharp; §H is used to show some results on finite abelian groups that are needed in the 
other sections. 

After all this work it turned out that a complete classification of the possible $(p) for 
abelian varieties whose reduction has toric part, abelian variety part and unipotent part of 
fixed dimensions was in reach. The result, which is surprisingly simple to state, can be found 



in Thm. 6.1 



In this article we will frequently speak of the abelian variety part, the toric part and the 
unipotent part of the fibre over k of a Neron model over D. Since we are only interested in the 
characteristic polynomials of certain endomorphisms on the toric and abelian variety part, it 
suffices to define these parts after base change to an algebraic closure of k, and up to isogeny. 
Over the algebraic closure of k we can apply Chevalley's theorem; in [^, Thm. 9.2.1, Thm. 9.2.2] 
one finds what is needed, and even more. 

I would like to thank Xavier Xarles for indicating a mistake in an earlier version of this 



article, and Rutger Noot for his help concerning the proofs of Lemma's 4.11 and 4.12 



2 Lorenzini's filtration. 

Let D be a discrete valuation ring, let K be its field of fractions and k its residue field. Let Ak 
be an abelian variety over K, A its Neron model over D and $ := Ak/A^ the finite etale group 
scheme over k of connected components of the special fibre A^. Let p > be the characteristic 
of k and let $(p) be the prime-to-p part of $; if p = we define to be equal to $. In this 
section we will briefly recall the construction in of a descending filtration 

(2.1) $(p) = $°p) D <|.fp) D $2^) D D $Jp) = 

which is functorial in Ak and invariant under base change by automorphisms of D. Since 
is the direct sum of its /-parts $/, with / ranging through the primes different from p, it suffices 
to describe the filtration on each $/. We replace D by its strict henselization and view the 
group scheme $ over the separably closed field k as just a group. 
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Let / 7^ p be a prime number. Let K be a separable closure, let be the integral 

closure of D in and let k be the residue field of D^] note that k is an algebraic closure of 
k and that A; — A; is purely inseparable. The first step in the construction of the filtration 
is the description of in terms of the Tate module Ui := Ti[A[K^)) with its action by 
/ := Ga\.{K^/K) given in Prop. 11.2 of §: 

(2.2) = {Ui ® Q/Z)' / iyl ® Q/Z) 
The long exact cohomology sequence of the short exact sequence 

Q ^Ui^Ui^q^Ui® Q/z ^ 

of continuous /-modules gives a canonical isomorphism (see (11.3.8)]) 

(2.3) = tors(Hi(/,f/0) 

where for M any abelian group, tors(M) denotes the subgroup of torsion elements. Let It be 
the quotient of / corresponding to the maximal tamely ramified extension of D, and let P be 
the kernel of / ^ It. Then It is canonically isomorphic to Ilg^p Tq(Gm.(/i:)) = ng^pZq(l) and 
P is a pro-p group. The Hochschild-Serre spectral sequence shows that 

(2.4) = tors(tf (/,[/;)) = tors(tf(Jt,[/n) = tors((f/f ),J(-1) = tors(([/0/)(-l) 

with the lower indices It and / denoting coinvariants and "(—1)" a Tate twist. Let Ni be the 
submodule of Ui which is generated by the elements cr(x) — x with a in / and x m Ui. Then 
by definition we have {Ui)i = Ui/Ni. As in §2.5], we define Vi := f//. Then Vi, which is 
called the fixed part of Ui, is canonically isomorphic to Ti{Ak{k)). Let A'j^ be the dual of Ak, 
i.e., A'j^ = Pic|^^/^. We will denote by A' the Neron model over D of A'j^, by $' its group of 
connected components, etc. Let (■, ■): Ui x f// Zi(l) be the Weil pairing. For any y in V/, 
a in I and x in Ui we have {<j{x) —x,y) = {(j{x),y) — {x,y) = cr((x, (j~^(y))) — {x,y) = 0. It 
follows that A*"; is contained in the orthogonal V^'"*" of V/ in Ui. Since Ui/V/'^ is torsion free, we 
conclude that 

(2.5) $i = tors(v^'^/iV,)(-l) 



2.6 Remark. In the proof of Thm. |3.3| we will see that V/^/Ni is in fact a finite group, hence 
we have $i = {V/^ /Ni){-1). □ 

Now it is clear that any filtration on VJ'"*" induces a filtration on ^i. As in §2.5], we define 
Wi C Vi to be the submodule corresponding to the maximal torus in A^. Let Wi C Vi C Vi 
be the submodules called the essentially toric part and the essentially fixed part in §4.1]; if 
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G/k' is the connected component of the special fibre of a semi-stable Neron model of over a 
suitable sub-extension oi K ^ then Vi corresponds to 1i{G{k)) and Wi to the Tate module 
of the maximal torus in G. We denote by t, a and u the dimensions of the toric part, the abelian 
variety part and the unipotent part of A^] we denote by i and a the analogous dimensions of 
any semi-stable reduction of A^- Note that t + a + u = t + a = dim(y4x). An easy application 
of the Igusa-Grothendieck orthogonality theorem (which states that Wi = Vi f] VJ'^, see 



Thm. 2.4], or [jT2|, Thm. 3.1]), gives us the following filtration of VI , in which the successive 



quotients are torsion free and of the indicated rank: 

,1 i-t ~ ,1 2(a-a) ~ i-t t 

(2.7) Vi D VinVi D Wl D Wl D 



Lorenzini's filtration (|2.1| ) on $i is the filtration induced by (p.5|) and (2/?). Note that in fact 



any finite sub-extension of K ^ induces a filtration on $; as above; see 0, Thm. 3.1] for 
results concerning those filtrations. The reason we only consider the filtration coming from 
extensions over which A^ has semi-stable reduction is that only that filtration matters for the 
bounds on of the next section. 



3 Bounds on ^(p). 

We keep the notation of the previous section. Recall that K is strictly henselian. First we define 
some invariants of finite abelian groups and fix some notation needed to state our results. 

3.1 Definition. For I a prime number and a = (oi, 02, . . .) a sequence of integers Oj > with 
at = for i big enough, let 6i{a) := ~ !)■ For I a prime number and G = ©jZ/Z"'Z a 

finite abelian group of l-power order let 6i{G) := 6i{a), where a := (ai, 02, . . .). For G a finite 
abelian group let S{G) := J2i ^i{Gi), where G = (BiGi is the decomposition of G into groups of 
prime power order. 



3.2 Notation. Let K be the minimal sub-extension of over which A^ has semi-stable 
reduction; it corresponds to the kernel of / acting on V, see §4.1]. We define to be the 
maximal tame extension in K, and for all I ^ p we let Ki denote the maximal sub-extension of 
K whose degree over is a power of /. We denote by i, d, tt, at, Ut, U, ai and ui the dimensions 
of the toric parts, the abelian variety parts and the unipotent parts of the corresponding Neron 
models of A^- For each prime I ^ p we let /(/) be the subgroup of / such that I / is the 
quotient Z;(l) of It- 

Let A^ be the Neron model of Ak over the ring of integers of K^. Then Ga\{K^/K) 
acts (from the right) on A^, compatibly with its right-action on Spec(D*). This action induces 
an action of Gal{K^/K) on the special fibre A^.. Let a be a generator of the cyclic group 
Gal(i^*/i^). Let / 7^ j9 be a prime number and i > 1 an integer. Let fi^i denote the cyclotomic 
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polynomial whose roots are the roots of unity of order /*. We define ma,i,j and rrit^i^i to be the 
multiplicities of fi^i in the characteristic polynomials of cr on the abelian variety part and on the 
toric part, respectively, of A\ (say one lets a act on Ti{A\{k)) ® Q). Let m^^j := ma,/,i + rrit^i^i. 
Finally, for j > 1 we define Pa,/,j := |{^ > 1 | ma,/,i > j}\, Pt,i,j := |{^ > 1 | mt,i,i > j}\ 
and pij := |{i > 1 | mi^i > j}\. For an interpretation of p^j = {pa,i,i,Pa,i,2, ■ ■ ■) in terms of 



'^a,/ = ("^a,«,i, '^a,/,2, • • •) etc. usiug partitions, see the beginning of the proof of Lemma □ 



3.3 Theorem. Let I ^ p be a prime number and consider the Gltration ( |2. 1\ ) on With the 
notations above, we have: 

1. The group $f can be generated by t elements. 

2. 6i{^f/^f)<6i{pt,i)<ti-t. 

3. 6i{<l>l/<l>f)<6i{p,,i)<2{ai-a). 

4. 6i{^i/^j) <6i{pt,i) <ti-t. 

5. 6i{^i/^f) < 6i{pi) < {ti -t) + 2{ai - a). 

6. < 5i{pi) < {ti -t) + 2{ai - a). 

3.4 Corollary. 1. The group can be generated by t elements. 
3. 5($;^)/<l>2^))<2(at-a). 

4. 5(<f(p)/<f;,))<tt-t. 

5. 5($(,)/$^^))<(tt-t) + 2(at-a). 

6. 5($i^^/$3^))<(t,-t) + 2(at-a). 

Proof (of Thm. We begin with some generalities. We always have Mj = {Mj^^^)zi{i). 

The functors M ^i(i) ^ ^ M^w are exact on the category of finitely generated Z;- 
modules with continuous /(i)-action, and, for such modules, the canonical map M^w — > Mj^^^ 
is an isomorphism, hence Mj^^^ is torsion free if M is torsion free. For M a finitely generated 
Zrmodule with continuous Zi(l)-action we have Mz,(i) = M/{a-l)M and M^'(^) = M[a-1], 
where a is any topological generator of Z;(l). 

Next we recall some general facts on the action of / on Ui. Let / denote the subgroup 
GaA{K^ / K) of /. Then I acts trivially on = f// and on Ui/Vf, the action of / on Ui factors 
through the biggest pro-/ quotient Z;(l) of I and is given by an isogeny Ui/Vi Wi{—1) (see 
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P, §9.2, Thm. 10.4]). It follows that Ni n Wi is open in Wi. The group / acts on Vi via its 
finite quotient Gal{K/K) =1/1; this action can be described in terms of an action of J/J on 
the special fibre of the Neron model of (see §4.2]). Dually, I acts with finite image on 
Ui/Wi. 

As promised in Remark. ^]6| we will show that $/ = V/'^/Ni. It suffices to show that V/'^ 
and Ni have the same rank. We have rank(f/i/VJ'"'") = t + 2a. From the generalities at the 



beginning of the proof it follows that Ui/Ni = {Ui)i = ((?//)/(,))z;(i) = (f^/*'Ozi(i)- Let a be a 
topological generator of Z;(l). The exact sequence 

(3.5) O^Ul^U;^'^ ^ f^'"^K")z,(i)-^0 

shows that rank(([/i)/) = rank(f//) = rank(V/) = t + 2a. In order to prove Thm. |3.3| we may 
neglect the Tate twist in (|2.5|) . 

By definition, we have $f = Wi/NidWi. Since Wi is a free Z; module of rank t, $f can be 
generated by t elements. 

Let us now consider $f/$f. Since $f = Wi/Wi fl Ni, the group $f/$f is a quotient of 
{Wi/Wi)i = {{Wi/Wi)ijz,ii). Lemma implies that 6i{<^f/^f) < 6i{{{Wi/Wi)jJz,ii)). By 
the generalities above, {Wi/Wi)i^^^ is isomorphic as Z/(l)-module to wl^^^^^^^''^ /Wi. Note that 
^^Ga.i{K/Ki) Tate module of the toric part of the special fibre of the Neron model of over 
the ring of integers of Ki, and that Wi = \yI^^^^^/^\ it follows that for alH > 1 the multiplicity 
of fi^i in the characteristic polynomial of a generator cr of GaA{K^ / K) on {Wl/Wl)I,^, is rrit 



Li 



and that 1 is not a root of this characteristic polynomial. Applying Lemma [4.5| and Cor. ^ 
gives the second part of the theorem. 

The proof of parts 3, 4, 5 and 6 of the theorem follows the same lines. For example, /^f 
is a quotient of {{Vi fl Vi''^)/Wi)i. The group / acts with finite image on (Vi fl Vl'^)/Wi. The 
Grothendieck-Igusa orthogonality theorem Thm. 2.4] shows that (V/ fl V/'^ /Wl)I^^^^ has rank 
2 (a/ — a). We have 



(3.6) ~ ' 0Q= ^'^ ' 0Q= ®Q = — ^0Q = O 



which shows that the hypotheses of Lemma |45| are satisfied. Since V/ fl V/ /Wi is isogenous to 
Vi/Vi, the multiplicities of the fi^i in the characteristic polynomial of a generator a of Gal(i^'*/ K) 
on (t^ n Vl^ /Wi)i^^) are precisely the ma,i,j. 

The proof of part 6 is entirely similar to the proofs of parts 2 and 3. For parts 4 and 5 one 
notes that /Vi n is dual to tV//W/, that V/^ /Wi is dual to V{ /V{ and one uses that Ak 
and A'^ are isogenous. □ 



Proof (of Cor. p.4|) . One just considers the factorization into irreducible factors of the char- 
acteristic polynomial of a generator a of GaX{K^ / K) acting on the semi-abelian variety part 
of Al. □ 
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4 Some abelian group theory. 



In this section we prove some results needed in the proof of Thm. |3.3| . We fix a prime number / 
and consider finite Z^-modules, i.e., finite abehan groups of /-power order. Recall that there is 
a bijection between the set of isomorphism classes of finite Z;-modules and the set of partitions 
(i.e., sequences m = (mi, m2, . . .) of non-negative integers such that mi > m2 > ■ ■ ■ and m^ = 
for i big enough): a finite Z^-module M corresponds to the partition m = (mi,m2, . . .) which 
satisfies M = ©j>iZ//™'Z. To any partition m we attach the number 5;(m) := J2i>i{^"^' ~ !)• 
Note that with these definitions, we have Si{M) = 5i{m)^ with 5;(M) as in Def. [ST 



4.1 Lemma. Let {]^B^E^A^{]hean extension of finite Zi-modules. Let b = 
(61,62, ■ ■ ■), e and a denote their invariants. Define rii := -|- 6j and n = {ni,n2, . . .). Let 
m = {mi,m2, . . .) be tie invariant of A (B B, i.e., m is tlie sequence obtained by reordering 
(ai, 61, 02, 625 • • •)■ Tlien we liave m < e < n, with "<" the lexicographical ordering. 

Proof. Let us first prove that e < n. We use induction on \E\. We have ei < ai + 61 = ni 
since /"i+^i kills E. If ei < rii there is nothing to prove, so we suppose that ei = rii. Choose 
any element x in E' of order l"^^ and consider the subgroup it generates. We get a diagram 



J, J, J, 

z/i^^z z/r^z ^ z/r^z -> 

J' i' J' 

(4.1.1) 0^ B E A ^0 

J, 

^ B' ^ E' ^ A' ^ 

J, J, >[, 



in which the rows and columns are exact. Now the columns are split, since is the exponent 
of B, etc. Hence b' := (62, 63, ■ ■ ■), e' := (62, 63, . . .) and a' := (02, as, . . .) are the invariants of 
B', E' and A' , respectively. The proof is finished by induction. 

Let us now prove that e > m. By passing to Pontrjagin duals, if necessary, we may assume 
that 61 > ai. Then mi = bi. If Ci > mi there is nothing to prove, hence we suppose that 



7 



Ci = mi = bi- We choose any element x in i? of order l^^. Just as above we find a diagram 



(4.1.2) 













i 






^ Z//^iZ 




i 


i 




o 
B 


17" 


-¥ A 


i 


i 


i 


B' 


^ E' - 


A 


i 


i 













in which the columns are split. Induction finishes the proof. □ 



4.2 Remark. It would be nice to have a complete description of the possible invariants of 
extensions E of finite Z;-modules A by -B in terms of the invariants of A and B. In particular, 



are there more restrictions than the following: those in Lemma [4.1| , Cj > and Cj > hi for all i, 
and the minimal number of generators for E does not exceed the sum of those numbers for A 
and Bl As Hendrik Lenstra pointed out to me, the problem can be phrased in terms of Hall 
polynomials, see for example p|. □ 



4.3 Lemma. Suppose that a = (ai,a2,...) and b = (6i,62,---) are partitions of N (i.e., 
J2i>i(^i = N = J2i>ibi) and that a > b in the lexicographical ordering. Then 6i{a) > Si{b), 
with equality if and only if a = b. 

Proof. Consider the set X of all partitions of with its lexicographical ordering. From the 
inequahty 

(r+^ - 1) + {r-^ - 1) > (r - 1) + (r - 1) 

satisfied for any integers n > m it follows that 6i: X ^ Z is strictly increasing. □ 

4.4 Lemma. 1. For M a finite Zi-module we have Si{M) > 0, with equality if and only if 

M = 0. 

2. Let — > M' — > M — ^ M" be a short exact sequence of finite Zi-modules. Then 

> 6i{M') + 6i{M"), with equality if and only if the sequence is split. 

3. Let M' — > M M" — > be a short exact sequence of finite Zi-modules. Suppose 
that M is killed by and that \M'\ = l\ Then 6i{M) < 6i{M") + b^l" - /""i). 



Proof. This follows directly from Lemmas and [4.3|. □ 
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4.5 Lemma. Let M be a Gnitely generated free Tn-module with an automorphism a of finite 
order. Suppose that M/ {a — 1)M is finite, or, equivalently, that the automorphism a ® 1 of the 
Qi-vector space M®Q does not have 1 as eigenvalue. Fori > 1 let mi be the multiplicity, in the 
characteristic polynomial of a, of the cyclotomic polynomial fi whose roots are the roots of unity 
of order l\ For each j > 1, let pj := |{i > 1 | > Then 6i{M/{a - 1)M) < Ei>i{l^' - !)• 

Proof. Let q = {qi,q2,---) be the partition obtained by reordering (mi,m2,...). Then 
p := {pi,p2,...) is what is usually called the conjugate of q: when viewing partitions as 
Young diagrams, p and q are obtained from each other by interchanging rows and columns. 
In particular, we have J2i>i Pi = J2 i>l ^i- 

Let n be the order of a. Then M becomes a module over the ring Z;[x]/(x" — 1). Let 
us write n = Vn' with n' not divisible by /. Then Zj[x]/(a;"' — 1) is the product of the ring 
Z;[x]/ (x''^ — 1) by another ring R and x — 1 is invertible in R. This implies that M is the direct 
sum of two modules, one over Zi[x]/(x''^ — 1) and the other over i?, and that the module over 
R does not contribute to M/ (a — 1)M. Hence we have reduced the problem to the case where 
the order of a is Z*". 

Let ii < 12 < ■ ■ ■ < ip^ denote the integers i > 1 such that mi > 0. For 1 < j < pi, let 
Fj := fij be the corresponding cyclotomic polynomials, and let F := Fi-F2 ■ ■ ■ Fp^. Since 1 is 
not an eigenvalue of o" on M (8> Q, and M is torsion free as Z^-module, M is a module over 
the ring A := Zi[x]/{F). For any A-module A^, we define N := N/(x — 1)N. Let us first note 
that for all j we have Fj{l) = I. It follows that A = Z/P^Z. For an A-module, N is an 
yl-module, hence annihilates A^. 

We claim that |M| = l^->^^\ To prove this, note that |M| = | det(cr- with | ■ \i the l- 
adic absolute value on Q;, normalized by |/|/ = 1//. So in order to compute |M| we may replace 
M by any a-stable lattice M' in M® Q = ©i>i(Qz[x]/(/i))™'. Taking M' := ©i>i(Zz[x]/(/i))™' 
and noting that = 1 gives the result. 

Let a = (ai, 02, . . .) be the invariant of M , i.e., M = ©j>iZ//"^Z and cti > 02 > ■ ■ ■■ Note 
that a and p are partitions of the same number, hence in view of Lemma [4.3| , it suffices to show 
that a < p in the lexicographical ordering. Since annihilates M, we have ai < pi. If ai < pi 
there is nothing to prove, so we assume that ai = Pi- Let y he in M such that its image y 
in M corresponds to (1, 0, 0, . . .). Let A' denote the submodule Ay of M. Since M is free as 
a Zj-module, A' is free as a Z^-module, and we have A' = Zi[x]/{G), with G dividing F. Let 
< s < pi he the number of irreducible factors of G. Then we have A' = Z//*Z. We have a 
short exact sequence 

(4.5.1) O^A'^M^M'^0 

of A-modules, with M' not necessarily free as Z/-module. Multiplication by a; — 1 on this 
sequence induces an exact sequence 

(4.5.2) ^ M'[x ^0 
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The element 1 of A', which is annihilated by is mapped to y which has annihilator P^. It 
follows that s = pi, that G = F and that M'[x — 1] = 0. Let us now consider the finite 
A-module tors(M'). Multiplication by x — 1 acts injectively, hence bijectively. Since x — 1 is 
in the maximal ideal of A, it follows that tors(M') = 0, hence that M' is free as Z/-module. 
The proof is now finished by induction on rank(M), since M' = ©j>2Z//"'Z and the partition 
p' obtained from M' is (p2,P3, • • •)• 



4.6 Remark. Lemma [4.5| can be seen as a bound on the cohomology group H (Z/?2Z,M), 



where 1 in Z/nZ acts on M via a. It is an interesting question, raised by Xavier Xarles, to 
obtain similar bounds for non-cyclic groups. □ 

4.7 Corollary. Let M be a finitely generated free Zi-module with an automorphism a of finite 
order. Suppose that M/{a - 1)M is finite. Then 5i{M/{a - 1)M) < rank(M). 



Proof. We use the notation of the beginning of the proof of Lemma [4.5| . Then one has: 
(4.7.1) rank(M) > ^m,0(r) >Y.Q^m = EE<^(^') = E(^'" " 1) 

i>l i>l j>li=l «>1 



The proof is finished by applying Lemma 4.5. □ 



4.8 Lemma. Let M be a finitely generated free Zi-module with an automorphism a of finite 
order. Suppose that M/{a - l)M is finite and that 5i{M/{a - l)M) = rank(M). Then M is 
a direct sum of Zi-modules of the type Z/[x]/(/i-/2 ■ ■ ■ fr) with a acting as multiplication by x 
and where fi denotes the cyclotomic polynomial whose roots are the roots of unity of order r . 

Proof. The proof is by induction on rank(M) and consists of an inspection of the proofs of 



Lemma 4.5 and Cor. [4.7|. First of all we must have that n' = 1. Secondly, we note that = qi 



for alH > 1 since the inequalities in ( |4.7.1| ) are equahties (here we use that J2i>i n^'i = J2i>i Qi 



and that 0(/*) < (f){P) if 1 < i < j). So m is the conjugate partition of p, hence A = Zi[x]/{F) 
with F = fi-f2 ■ ■ ■ fp^. The formula for the number of elements of |M| in the proof of Lemma ^^5] 
shows that a and p are partitions of the same number. By the hypotheses of the lemma we 
are proving, we have 5; (a) = 5i{p). Lemma [4.3| implies that a = p. The end of the proof of 



Lemma |475| shows that A' = A and that M' is free as Z/-module. By induction on rank(M), we 
know that M' is of the indicated type. It remains to show that the short exact sequence ( ^4.5.1| ) 
splits. To do that, it is sufficient to show that 'Ext\{Ai, A) = 0, where Ai = Zi[x]/{fi ■ ■ ■ fi) 
with i <pi. This Ext^ is easily computed using the projective resolution 

(4.8.1) > A ^ A ^ A A — > Ai — ^0 

with f = fi- ■■ fi and g = fi+i- ■ ■ fp^. □ 
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The following lemmas will be used in and §|^. 
4.9 Lemma. Let M be a finite Zi-module and let 

be a strictly descending filtration. Suppose that for all i with < i < r — 2 the group MYM*"*"^ 
is cyclic. Then M is cyclic. 

Proof. For r < 2 there is nothing to prove. If we know the result for r = 3, the general case 
follows by induction since then M^/M^ is cyclic and the filtration M° D D D ■ ■ ■ D M"^ 
has length r — 1. So assume now that r = 3. Let x be an element of M° such that its 
image in M^/M'^ is a generator. Then a certain multiple ax of x gives a generator of M^/M"^. 
omce is cyclic, and M^/M'^ a non-trivial quotient, ax is a generator of M^. The subgroup 
of M° generated by x contains and its quotient by is M^/M^. We conclude that x 
generates M^. □ 



4.10 Remark. The proof of Lemma [4.9| generalizes immediately to a proof of the following 
assertion: let A be a local ring and M an A-module with a finite strictly descending filtration 
M* such that the MYM*"*"^ are cyclic, then M is cyclic. □ 



4.11 Lemma. Let O^B^E^A^Obea short exact sequence of finite Zi-modules with 
invariants b, e and a. Let t > be an integer and suppose that B is generated by t elements. 
Then for all i > 1 we have ai > Ci^f 

Proof. For a partition p, let p' denote its conjugate. Then for all i > 1 we have l""'' = 
\A[l^]A[r~'^]\. Let d be the endomorphism of the set of partitions defined by: d{p)i = pi+i for 
all i > 1. Let d' be the conjugate of d: d'{p) = d{p')' . Then d'{p)i = max(0,pi — 1). When 
viewing a partition p as a Young diagram in which the pi are the lengths of the columns, d and 
d' remove the longest column and row, respectively. Note that for a finite Z/-module M with 
invariant m, the submodule IM has invariant d'{m). Note that d and d' commute. In the rest 
of this proof we will consider the partial ordering on the set of partitions in which p < q if and 
only if for alH > 1: Pi < Qi- Note that p < q is equivalent to p' < q' . Below we will use that 
p > g if and only if: p'^ > q[ and d'{p) > d'{q). We will also use that if and M are finite 
Z;-modules with invariants n and m such that is a subquotient of M, then n < m. 

The proof of the lemma is by induction on \E\. What we have to prove is that a > d^{e). The 
exact sequence — > B[l] E[l] — > A[l] shows that a[ > e[—t. Note that (i*(e)']^ = max(0, e'l—t), 
hence we have a[ > (i*(e)']^. The exact sequence ^ B (1 IE ^ IE ^ lA shows (induction 
hypothesis) that d'{a) > d^{d'{e)) = d'{d^{e)). The two inequalities just proved imply that 
a > d\e). □ 
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4.12 Lemma. Let I be a prime. Let O^B—>-E^Abea short exact sequence of finite 
Zi-niodules witli invariants b, e and a, respectively. Then 

(4.12.1) 5,{b)+Si{a)>Y.i^ 1 ij 

wliere for any real number x, \_x\ and [x] denote the largest (resp. smallest) integer < x (resp. 
> x). 



Proof. We have Y^iio-i + h) = Y,i ^i- Lemma asserts that a + 6 > e in the lexicographical 



ordering. Consider the set S of all pairs (r, s) of partitions, such that r + s > e and Y^iiji + 
Si) = Z^jCj. Let f:S-^ Z be the map which sends (r, s) to 6i{r) + 6i{s). We will show 
that / achieves its minimum at all (r, s) in S with the property that, for all i > 1, one has 
{r„s,} = {[e,/2\,\e,/2]}. 

Suppose now that (r, s) is an element of S where / has a minimum. We have to show that 
— < 1 for all z > 1. Suppose that this is not the case. Let j > 1 be minimal for the 
property that \rj — Sj\ > 1 and |rj — Sj| < 1 for all i < j. We may and do suppose that rj — Sj > 1. 
Note that if j > 1 we have Sj^i > Sj. We define r' and s' as follows: (r-, s-) = (rj — 1, Sj + 1) 
if i > j and = rj; in all other cases (r^, s'j) = (r^, Sj). Note that r' and s' are partitions, that 
+ s'i) is equal to J2i and that /(r', s') is strictly smaller than /(r, s). □ 

5 Examples. 



The aim of this section is to give examples that show that the bounds in Thm. ^]3| and Cor. 
are sharp, in a sense that will become clear in the examples. The examples we construct here 
will play an important role in We give our examples over the field K := C((g)) of formal 
Laurent series over the complex numbers with its usual valuation, but it is easy to get similar 
examples in mixed characteristic, or equal characteristic p > 0. 

The building stones of our examples are the following. For each integer n > 1 we let En be 
the so-called Tate elliptic curve "Gm/5'"'^" over K as described in [Q, §VII] or in [|n|, §6] {En is 
obtained from the analytic family of elliptic curves over the punctured unit disc with coordinate 
q whose fibres are the C*/g"^, by base change from the field of finite tailed convergent Laurent 
series to K). It is well known that the special fibre of the Neron model of En over D := C[[q]] 
is an extension of Z/nZ by the multiplicative group. 

For each prime / and integer r > we define the ring A; ,. := Z[x]/(/; i ■ ■ ■ fi^r), where as 
before fi^i is the polynomial whose roots are the roots of unity of order When Z > 2, we let 
Ai^r be an abelian variety over C obtained as follows: we choose an isomorphism of R-algebras 
between A; ,, (g) R and a product of a number of copies of C and define Ai^r '■= {M,r ® R)/Ai ,. 
(it is well known that the trace form on A; ,, implies the existence of a polarization). The first 
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three examples will be isogenous to twists of products of copies of £"„ and of Ai r^x- Of course 
Lemma [4.8| tells us how to cook up the required examples. 

5.1 Example. Let d > and let G be any finite abelian group that can be generated by d 
elements. Then G = ©f^iZ/riiZ, say. For Ak := nf=i -^n, one has $ = $3 = ^j^-^Z/uiZ and 
we have d = t = dim(ylx). □ 



5.2 Example. Now consider parts 2 and 4 of Thm. |3]^. Let / be a prime. For i > 1 we let Bi i 
be the abelian variety Ei ® A; j over C, i.e., Bi i is a direct sum of copies of Ei, indexed by some 
Z-basis of A;^j, and A; j acts on 5; j according to its action on itself. In particular, multiplication 
by X in A/^j induces an automorphism a of Bi^i. Note that a has order P. Let Gi^i be the twist of 
Bi i^K over K{q^/^'') by a, i.e., C;_j is the quotient of the i^-scheme Bi i ^ ^spec(K) Spec(fr(g^/'')) 
by the group Ga\{K{q^/^') / K) = Z//*Z (here we choose a root of unity of order /*) which acts 
by a 0"" on the first factor and via its natural action on the second factor. 

We will now compute the group of connected components \E' of the Neron model of Gi^i over 
D, using (U). First of all we have T,(Ei(K")) = Zi{l)®Zi, with / acting via its quotient Zi{l) 
in the following way: an element of / with image a in Zi{l) acts as multiplication by the matrix 
(g"). By construction, Ti{Gi^i{K'^)) = Ti{Ei(K^)) ® Ai^i and an element in I with image a in 
Z;(l) acts as (g") (g) x". Since G^ has a = t = 0, we have = "^f and "^f = 0. The filtration 
Z;(l) C Ti{Ei{K^) induces the filtration Wi C T,(G ^(ir'^)). It follows that is the cokernel of 
(""o^ x-i) ^"^^ ^^^^ '^i/'^l '^f/'^f are both isomorphic to Ai^i/{x-l) = Z/TZ. An analogous 
computation shows that \E' = "^i. One can show that \E' is isomorphic to ZjV'Z © Z/VZ if / > 2 
and to Z/T+^Z © Zjl'-^Z if / = 2. 

Let G be a finite abelian group of /-power order, say with invariant a = (ai, 02, . . .). Then 
for Ak := ni>i Q,a, we have ^i/^j = $f/$f = G and 6i{G) = U = dim(A;^). We remark that 
abelian varieties over K that are isogeneous to Ak provide examples with ^i/^] not isomorphic 
to □ 



5.3 Example. For / > 2 prime and i > we let Di i be the abelian variety over K obtained 
by twisting A^ j x over K^q^^^') by the automorphism cr of j which is induced from the 
multiplication by x in A;.j. Then we have Ti{Di^i{K^)) = Ti{Ai^i{C)) = A;^j©Z;, and an element 
in / with image a in Z;(l) acts as x". Let denote the group of connected components of 
attached to Dii. In this case we have t = a = 0, hence = "^j and "^f = 0. By ( |2.4| ) we have 

= Ai,/{x - 1) = z/rz. 

Suppose now that / 7^ 2. Let G be a finite abelian group of /-power order, say with invariant 
a = (ai,a2,...). Then for Ak := ni>i A,a, we have = = 0, ^j/^f = G and 

Si{G) = 2ai = 2dim(y4^). The case / = 2 is a little bit different because ma,2.i is always even. 
□ 
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5.4 Example. Let / be prime and let r > and s > be positive integers. We will construct 
an abelian variety Ak with t = a = Oj=r-l, a = (r+* - r)/2 and $ = ^ Z/P''+'Z. It 
follows from Thm. O that in such an example ^i/^j and $f are cyclic of order r, that ^j/^f 
is cyclic of order l'^ and that and are cyclic of order Hence this example shows 

that, as far as the exponent is concerned, the two-fold extension $i/$f can be arbitrary. 

As in the previous examples, fi^i will denote the polynomial whose roots are the roots of 
unity of order l\ and Ai^r is the ring Z[x]/{fi^i ■ ■ ■ fi^r)- Let Ai^r,s ■= Z[a;]/ {fi,r+i ■ ■ ■ fi,r+s)- Let 
Di r^s be an abelian variety over K obtained by replacing A/ j by A; ^.s and g^^'' by g^/'*^^^ in the 
construction of Di i in Example |5.3| . Let C/ be as in Example |5.2| . Our example will be 
isogeneous to Ci^r x A,r,s- Let V := Ti{{Ci^r x Di^r,s){K^)) ® Q- Then is a Q/-vector space 
with an action of / = Gal(-ft'^/i^). We have an isomorphism of Q/- vector spaces with /-action 



(5.4.1) 



A 



Lr 



A 



l,r,s 



Qi 



A, 



Qi 



V 



such that an element of / with image a in Zi{l) acts via 

/ ax"" \ 

(5.4.2) 



Let 



(5.4.3) 



a;" 
\ x" ) 







be the filtration (|2.71 ) on V . Then V"^ is simply the first term in (|5.4.1|) and is the sum of 
the first two terms. For any Z/-lattice M in 1^ let M* := M fl V. To get our example Ak-, it 
suffices to find an /-invariant Z^-lattice M uiV such that and M/M'^ are isomorphic, as 
Z; [/]-modules, to Ai^^+s ® Z;, where an element of / with image a in Zi{l) acts on A^^^+s ® Z; 
as x". Namely, since M is /-invariant, M is the Z-adic Tate module of an abelian variety A^ 
which is isogeneous to Ci^r x -D;,r,s; for Ak one has and cyclic of order Z^"*"*, hence 

cyclic of order /^r+s Lgj^ima ^ . 

Let us now try to find such a M. Note that we have canonical projections A^ A;^^ 
and Ai^r+s A; ,,,s which induce an embedding Ai^j.+s ® C . We will first show that 
we only have to look among the sub lattices M with = Ai^r+s ® Z;. Namely, if M is an 
/-invariant Zrlattice in V of the type we are looking for, then for a suitable element of the form 
V = (a, b, a) of V* (here we consider 1^ as a Q^-algebra and V* denotes the group of units of V) 
vM is isomorphic to M as Z/[/]-module and has {vMY = Ai^r+s ® Z;. Since the Z/[/]-module 
structure determines the filtration, we also have {vM)/{vM)'^ = M/M"^. 

From now on we only consider M with = Ai^r+s ® Z/. Such M are determined by 
their image in V/M^. So we look for an /-invariant torsion free Z^-submodule of V/M^ = 
1/1 /A/i © Ai^r ® Q/ whose image in A^ ® is a lattice and for whose associated M we have 
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M/M"^ = A; ,,+s®Z/. It follows that such a is isomorphic, via the canonical projection, to its 
image in A; ® Q;. Lemma implies that this image is isomorphic to Ki^r ® Z/, hence of the 
form z-Ki^r ® for some z in (Aj_r ® Q«)*- We conclude that A^ is of the form im(a), where 

(5.4.4) a-.Ai^r^'Z'i — >V^/M^ ® Ai,r®Qi, a {(j){a) , za) 

with 0: A; (g) Z/ ^ V'^/M^ a morphism of Z^-modules, and z G (A;_r ® Qi)*- For a given pair 
{4>,z), let A'^^z denote the image of the corresponding a. 

Let us first study what it means for (0, z) that A^^^^ is /-invariant. Using that A^^^^ is I- 
invariant if and only if it is invariant under the matrix in ( |5.4.2| ) with a replaced by 1, one 
easily sees that N^^z is /-invariant if and only if 



(5.4.5) Va e Ai^r ® Z^: 0(a;a) = x(f){a) + {xza, 0) 

To find out which {(j),z) satisfy (|5.4.5|) , we write out everything in terms of the Z^-basis 
(l,x, . . . ,x''^~^) of A; ,, (g) Z/. Let y = (2/1,^/2) be in such that 0(1) = y. One then checks 
that 



(5.4.6) (f){x') =x'y + ix'{z,0), for < i < T - 2. 

Applying (|5.4.5| ) with a = x , and using that EiLV a;* = in A^,^, gives 



(5.4.7) {xgl{x)z, gr{x)y2) E Ai,r+s ® Z/ 

where Qr = fi,i ■ ■ ■ fi,r and g',. is the derivative of gr- The conclusion is that N^^z is /-invariant 
if and only if (p is given by ( |5.4.6| ) and {y,z) satisfies ( |5.4.7[ ). For a given such pair {y,z), let 
My^z denote the lattice M in V corresponding to A^^,^. 

It remains now to be seen that there exist {y,z) satisfying (|5.4.7|) such that My^z/^lz is 
isomorphic to Ai^r+s ® Z;, or, equivalently, such that {My^z/My^^)i is cyclic. In order to have a 
useful description of My^z, we lift to V-^ as follows: let 0: A^^^ CS) Z; ^ V^^ be the morphism of 
Z;-modules such that 

(5.4.8) ^-.x' ^ x'y + ix'{z,0), for < i < T - 2 
Then we have an isomorphism of Z;-modules: 

(5.4.9) p:Ai^r+s^Zi © Az,, (g)Zj ^ McV, (a, 6) f-^ (a, 0) + (0(6), ;z6) 



Let r be an element of / with image 1 in Z;(l). Then r acts on V by the matrix in ( |5.4.2| ) 



with a = 1. One computes that in order to make (3 invariant under /, one must let r act on 
the source of P in ( p. 4. 9] ) by 

(5.4.10) r: (a, b) f-^ (xa + {xzb, 0) + x0(6) - (j){xb),xb^ 
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Using this formula, we can study My^^/My^^. Recall that A; ,,+s ® is the image in of the 
sum of the two canonical projections from Ai^r+s ® to A/_r ® Z^ and Ai^r,.s ^ Z;. It follows that 



l,r 



(5.4.11) My,,/Ml, = N ■= Ai,r,s ® Z; © A, 
with T acting on by 

(5.4.12) r: (a, b) i-^ (xa + x0(6) — (f){xb),xb) 

where 0: A/^^ ® Z/ ^ V^/V^ = A/^^.s ® Q; is composed with the projection V^/V^; we 

have 0(x*) = x*?/2 for < i < — 2. 

Note that = A^/ (r — 1)A^. Hence is cyclic if and only if the endomorphism r — 1 

of the F;-vector space N has corank 1. Now N is the direct sum of Fi[e]/{e''''^ 
and Fi[e]/{e^''-^), with £ = X — 1. The matrix of r — 1 with respect to the direct sum of the 



bases (1, e, 



and (1, e, 
I 



.r-2\ 



is of the form 



(5.4.13) 










1 


A 




1 















1 








1 oj 



V 

It follows that r — 1 has corank 1 if and only if the upper right coefficient of A is not zero, 
or, equivalently, if and only if there exists b in A/ (g) Z; such that x0(6) — 0(x6) is a unit in 
A/ r.s ® Z;. A computation shows that x0(x''^^^) — 0(x''^^^) = gr{x)y2. Now recall that we are 



free to choose y = (1/1,^2) in and z in (A;^^ ® Qi)* as long as (y, -z) satisfies ( |5.4.7|) . Note 
that gr{x) and gl.{x) are units in Ai^r,s ® Qz and A;^^ ® Q;, respectively. Hence we can choose 
2/2 = 5'r(a;)~^ and z = x^^g[.{x)^^ . □ 



5.5 Example. Our final example is the analog of Example in the case a = 0. More 
precisely, let / be a prime and r > an integer. Then there exists an abelian variety Ak with 
t = a = 0, t = r - 1 and $ = ^ Z//2^'Z. 

Let Ci^r be as in Example ^.2| . The abelian variety Ak can be found in the isogeny class of 
Ci^r in the same way as used in Example |5.4| . In this case the construction is somewhat easier, 
since the filtration on V has only two steps {V^ = V^), so we leave the details to the reader. 
Let us just mention that all formulas up to (|5. 4.101 ) remain valid (in adapted form), and after 
( p.4.10|) one shows that M/ (r — 1)M can be cyclic with the same method as used to show that 
N/{t - 1)A^ can be cychc. □ 
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6 Classification of the ^(p). 

The aim of this section is to prove the following theorem. 

6.1 Theorem. Let D be a strictly henselian discrete valuation ring of residue characteristic 
p > 0. Let G be a finite commutative group of order not divisible by p. For each prime 
I 7^ p, let mi := (m^^i, 2, • • •) be the partition corresponding to the l-part Gi of G (i.e., 
Gi = ©i>iZ//'"'''Z and mi^i > mi^2 ■ ■ ■)■ Let d, t, a and u be non-negative integers such that 
d = t + a + u. Then there exists an abelian variety over the field of fractions of D, of dimension 
d, toric rank t, abelian rank a and unipotent rank u which has <l>(p) = G, if and only if 

(6.1.1) ^>EE ^ ^ 1 

where for any real number x, \_x\ and [a;] denote the largest (resp. smallest) integer < x (resp. 
> x). 

Proof. We will start by showing that if Ak is as indicated in the theorem, then ( |6.1.1| ) holds. 
Let / 7^ p be a prime. Let // be the map from the set of partitions to R defined by 



(6.1.2) /z(m) = Ef 

i>l \ 



llm,/2\ _^ l\m,/2] 



Then // is strictly increasing for the partial ordering in which a > 6 if and only if > bi for 
all i. One easily sees that fi is increasing for the lexicographical ordering on the set of partitions 
of a fixed number, but we won't use that. Consider the filtration 

(6.1.3) $/ D D $f D 



induced by ( |2.1| ) . Theorem ^]3| shows that 



(6.1.4) 2{ti -t + ai-a)> 6i{<l>i/<^l) + ^^C^'/^f) 



Let 111 be the invariant of Lemma 4.11 shows that for alH > 1 we have ri; j > mi 



or, in the terminology of the proof of that lemma, that rii > d^{mi) in the partial ordering. 
Lemma [4.12| says that 



(6.1.5) 5i{^i/^]) + 5i{^]/^l) > 2fi{ni) 
It follows that 

(6.1.6) 2{ti - t + ai - a) > 2fi{ni) 
Summing over all / 7^ p and dividing by 2 gives ( |6.1.1| ) . 
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It remains to show that all groups G satisfying ( |6.1.1| ) can occur as the of an abelian 
variety Ak over the field of fractions K of D of dimension d, toric rank t, abelian rank a and 
unipotent rank u. It is sufficient to show that all groups G satisfying 



(6.1.7) « = r|EE 

Ajkp i>t+l 




occur in such a way, since one can replace Ak by the product of Ak with an abelian variety 
Bk which has unipotent reduction and trivial group of connected components. 

Let us first suppose that K = C((g)). Let d, t, a, u and G be as in the theorem, and suppose 
that they satisfy ( |6.1.7|) . We have G = (Bi>iZ / UiZ with rii > 1 and nj+i|nj for all i. Let Bk be 
of the type described in Example p?T| : it has dimension t, completely toric reduction and group 
of connected components Z/niZ © ■ ■ ■ © Z/njZ. The abelian variety Ak we are constructing 
will be of the form 

(6.1.8) Ak = BkxI[ Ck,i, with dun{CK,i) = T E ? 1 1 

i^p \i>t+i \ ^ ) I 

and such that all Ck,i have unipotent reduction. Note that in fact such an Ak has unipotent 
rank since for / 7^ 2 the function ji defined above has integer values. For I ^ 2 we define 

(6.1.9) CK,i = \{CK,i,i 

i>t 

where GK,i,i is the abelian variety constructed in Example |5.4| with r = (m/^j — l)/2 and s = 1 
if rrii^i 7^ 1 is odd, where CK,i,i is the abelian variety constructed in Example |5.3| with i = 1 if 
mi^i = 1, and CK,i,i is the abelian variety constructed in Example |5]^ with r = if m/^j 

is even. Note that the group of connected components of the reduction of CK,i,i is cyclic of 
order Z™-'-*. For / = 2 the construction of Gk,i is a bit different. Let r > be maximal such that 
m2^i > 1 for all i < r. Then Ck,2 will be of the form 

(6.1.10) Gk,2 = Dk,2 X n CK,2,^ 

t<i<r 

where CK,2,i is defined as CK,i,i but with / replaced by 2, and where Dk,2 is as follows. Let 
V be the number oi i > t such that m2,i = 1. If f is even we let Dk,2 be the product of f/2 
elliptic curves which have unipotent reduction and group of connected components isomorphic 
to Z/2Z X Z/2Z. If V is odd we let Dk,2 be the product of {v — l)/2 elliptic curves with 
unipotent reduction and group of connected components isomorphic to Z/2Z x Z/2Z and one 
elliptic curve with unipotent reduction and group of connected components cyclic of order 2. 
One verifies easily that Ak has all the desired properties. 

To finish the proof of the theorem, we have to show that similar examples exist over any 
strictly henselian discrete valuation ring D with residue characteristic p. Since our examples are 
products of the examples of §|^, it suffices to show that the examples in exist over D. Since 
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we do not suppose D complete, we cannot use a Tate curve "Gm/^'^" with q a uniformizer of D. 
Instead we can use any elliptic curve E over K which has toric reduction and trivial group of 
connected components. Then I acts on the Tate module Ti[E[K^)) through its quotient Zi(l) 
and for a suitable choice of a Z;-basis of Ti{E{K^)), an element of / with image a in 2^(1) 
acts as (q*^). It follows that Examples |5.1| and |5.2| with Ei replaced by E still work. To make 
Example |5.3| work over D, it is enough to show that for all Z 7^ p and r > such that F > 2, 
there exists an abelian scheme over D of relative dimension — l)/2 and with an action 

by Z[x]/{fi^r)- Once one has these abehan schemes, the constructions of can be carried out 
over D. The fact that such abelian schemes exist is a consequene of the theory of abelian 
varieties of "CM-type". Fix an / and r as above. The moduli scheme over Z[l//] of abelian 
schemes of the desired type, with a suitable polarization and /-power level structure, is finite 
etale and not empty. Another way to prove the desired existence is to consider isogeny factors 
over Q(Cr) of the jacobian of the Fermat curve of degree □ 



7 Further remarks and questions. 

Although Theorem |6.1| gives a complete classification of the prime-to-p parts of the groups 
of connected components of special fibres of Neron models with some fixed invariants, there 
are still questions left. For example, it is clear that the groups of connected components $ 
have functorial additional structure coming from the fact that the category of abelian varieties 
has an involution: every abelian variety has its dual. More precisely, suppose that $ comes 
from the abelian variety A^- Let A'j^ be the dual of and denote its group of connected 
components by Then there are several pairings with values in Q/Z, conjecturally perfect 
and the same, between $ and see [|, §§1.2, 1.3, 11.2], 0, 0, §3], fig and [0, Prop. 3.3]. 
Let us note by the way that the last reference is clearly wrong since it says that the pairing 
has values in (Q/Z)(l); the mistake in the proof is that the direct sum decomposition in the 
unique displayed formula in it is not unique. Anyway, for each of the remaining pairings we get 
a filtration 

(7-1) <^>b) = ^ K) ^ K) ^ K) ^ K) = 

It would be interesting to know the common refinement of this filtration with ( |2.1|) . Also, it 
would be of interest to prove that the various pairings are the same up to a determined sign. 
Some relations between the two filtrations ( |2.1| ) and ( |7.1| ) on the /-part for / 7^ p can be found 
in 1^, Thm. 3.21], under the hypothesis that A^ has a polarization of degree prime to /. 

Let us consider the functor from the category of abelian varieties over K to the category of 
finite abelian groups which associates to each abelian variety the group of connected components 
of the special fibre of its Neron model. A rather vague question one can ask is through what 
categories of abelian groups endowed with some extra structure this functor factors. We have 
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seen for example that there is a filtration of four steps on the prime-to-p part, but as we have 
just remarked that is certainly not all there is. 

Lorenzini has shown Thm. 3.22], under the hypothesis that there is a polarization of 
degree prime to /, that is the prime-to-p part of the kernel of the map from $ to the group 
of connected components of A^, where K ^ L is any extension over which has semi-stable 
reduction. It would be interesting to generalize this. Even in the case in which Ak acquires 
semi-stable reduction after a tamely ramified extension K L, when the theory of applies, 
I have not been able to give a description of the filtration ( |2.1| ) in terms of the special fibre of 
the Neron model of A^ with its action of Gal{K/L). 

The p-part of $ remains difficult. For example, one expects a bound for its order in terms of 
the dimension of Ak if the toric part of the reduction is zero, but even in the case of potentially 
good reduction I don't know of any such bound (of course, if Ak is the jacobian of a curve 
with a rational point, the usual bound, i.e., the bound we have when k is of characteristic 
zero, holds, since one can apply Winters's theorem [|14|)- In a forthcoming article one can 
find a generalization of a result of McCallum (unpublished) which says that in the case of 
potentially good reduction the p-part is annihilated by the degree of any extension after which 
one obtains semi-stable reduction, but not in general by the exponent of the Galois group of 
such an extension. Work in progress by Bosch and Xarles, using a rigid analytic uniformization 
of Neron models, seems to imply that there is a four-step functorial filtration on the whole of $, 
for which three of the four successive quotients can be described in terms of the ineria group 
acting on the character group of the toric part of the semi-stable reduction. The remaining 
successive quotient comes from an abelian variety, obtained by Raynaud's extension, which has 
potentially good reduction. This part is still a mystery. 
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